The long-term behaviour of spatial modulation instability in nonlocal nonlinear Kerr media is studied theoretically and numerically. Seeding the modulation instability with a periodic modulation leads to an energy transfer to higher-order modes and the long-term behaviour of the system shows the Fermi-Pasta-Ulam recurrence. For large spatial frequencies, close to the cut-off frequency, the stable solution can be found analytically. The propagation with an initial state different from the stable solution results in a propagation circling around the stable point. For general frequencies, the calculation of the stable point is performed numerically.
Introduction
Modulation instability (MI) is a universal effect existing in many nonlinear systems and has been studied in a wide range of fields including fluid dynamics, plasma physics and nonlinear optics. It means that perturbations of the plane wave solution will get amplified along the propagation direction. The explanation of this phenomenon is the energy transfer between spectral modes, namely between the zero-order mode (the plane wave) and higher-order Fourier components in the signal. When adding a sinusoidal perturbation, this perturbation gets amplified and under certain circumstances, after some propagation distance, the perturbation decreases again and the system returns to its initial state. This phenomenon was first reported by Fermi, Pasta and Ulam [1] and is nowadays commonly called FPU recurrence. They numerically studied the long term evolution of the energy transfer between spectral modes in the context of nonlinear discrete systems and observed a complicated quasi-periodic behaviour of the system. Afterwards, a lot of theoretical and numerical work was carried out, showing that FPU recurrence is possible for many nonlinear wave equations, for example for the Korteweg-de Vries equation [2] , the nonlinear Schrödinger equation [3] or for saturable nonlinearities [4] .
Despite the amount of theoretical work done, experimental work is rather scarce. Recurrence experiments have been demonstrated in electrical networks [5] , in hydrodynamics [6] and recently in magnetic feedback rings [7] . In the optical domain, the FPU recurrence has been observed in the temporal domain [8, 9] in optical fibres. Studies have been carried out recently in the spatial domain in nematic liquid crystals [10] . These nematic liquid crystals are highly nonlocal as has been demonstrated in numerous publications over the last few years [11] [12] [13] .
Modulation instability has been investigated theoretically in nonlocal nonlinear Kerr media [14] by a linear stability analysis. For a self-focusing nonlinearity, the plane wave solution is always unstable, but the nonlocality tends to suppress the instability. In this paper, a theoretical model will be worked out for the long-term behaviour of a periodically modulated input signal. First, a theoretical model is worked out and numerical simulations of the model are presented. After that, the stable points are calculated both analytically and numerically . Finally, the simulations are carried out for the parameters that are applicable to previous experiments on induced modulation instability in nonlocal nonlinear media [10] .
Theoretical model
Consider a nonlinear slab waveguide. This means that we are looking at a (1+1)D problem. If we assume that the beam is mainly propagating along the z-direction, we can state that the electric field can be written as E(x, z) = ψ(x, z) exp(−ik 0 n 0 z) with ψ being a slowly varying function with respect to z. Inserting this into the Helmholtz equation and applying the paraxial approximation
For a local nonlinear Kerr material, the nonlinear change in refractive index is a linear function of the intensity n(x) = n 0 + nI (x) with I being the intensity of the optical signal. For a nonlocal nonlinear Kerr medium, the refractive index change can be written as (assuming that the refractive index changes are small, which is the weakly guiding approximation)
with −∞ ∞ R(x) dx = 1 and I = ψ * ψ. Also we assume that the intensity is normalized so the average of the intensity is 1. If we consider periodical phenomena with period T, this means that
The strength of the nonlinearity is then expressed solely by the factor s. This leads to the following equation for the evolution of ψ:
Since ψ is periodical along the x-axis, with period T we can state that
Inserting this into equation (3) gives
Applying the Fourier transform, which is equal to multiplying this equation with exp(−ik x mx) and integration over one period (with k x = 2π/T ) gives (after renormalization z → zk 0 and k = k x /k 0 ):
For the further calculations we will consider two types of nonlocality.
σ 2 , a Gaussian nonlocal Kerr nonlinearity.
We have chosen these two types of nonlocality because the Fourier transforms can be analytically calculated. This greatly simplifies the further calculations. An exponential curve has physical meaning since it describes the response of a diffusion model as for example for thermal self-focusing of electromagnetic waves in weakly ionized plasma [14] . It also describes well the nonlocal response of a liquid crystal as will be shown later in this paper. The Gaussian response can be used to test the system sensitivity to the shape of the response function.
In order to calculate the influence of the nonlocal nonlinear effects, we write I (x, z) in the following form
with
With this in mind, we can calculate the last term of equation (6) for the exponential nonlocality:
In these equations τ = k 0 σ . And similarly for the Gaussian nonlocality So finally (for the exponential nonlocality), the evolution of the system can be described by the following equation for the Fourier components of the field:
This equation can be solved by using a beam propagation scheme along discretized z steps. Due to the nonlinearity, each step forward requires a few iterations to achieve the desired accuracy. A sufficiently large number of orders and sufficiently small z step were used in the simulations. To find these values, the number of orders was increased and the z step was decreased until the numerical result remained unchanged. Figure 1 shows the evolution of the A m values along z for different values of the spatial frequency for a local nonlinearity (τ = 0). There is only gain of the modulation instability for spatial frequencies below a certain value k max , which is calculated later in this paper (see equation (15)). For spatial frequencies close to the cut-off (0.95k max ), the gain of the higher order modes is small. The absolute value of the firstorder mode increases at the start of the propagation, it reaches a maximum value of 0.3 after which the value decreases again to the initial value. This scheme repeats itself in a periodical way. This is the manifestation of the FPU recurrence phenomenon. For smaller spatial frequencies (further away from the cutoff frequency, 0.75k max and 0.5k max ), the gain of the firstorder mode increases and higher order modes become more important. The evolution of all A n values still happens in a periodical way. For even smaller frequencies 0.25k max , a large number of higher order modes are important along the propagation and the evolution of the A n values no longer shows a periodical evolution. The propagation becomes rather chaotic and there is no return anymore to the initial state. At some points, the higher order modes become even larger than the first-order mode.
The beam propagation can also be visualized by looking at the evolution of the ratio A 1 /A 0 in the complex plane (see figure 2 ). For k = 0.95k max , the propagation starts in a point close to zero, it makes a loop along the positive real side, after which it makes a loop along the negative real side. The further evolution follows the initial curves. For k = 0.75k max , the curves are similar, but since the first order grows to larger values, the curve is stretched with respect to the one for k = 0.95k max . For k = 0.5k max , the curve follows again a similar course, but the ratio A 1 /A 0 becomes very large at certain propagation distances. For k = 0.25k max (not displayed), the curve displays a very complex behaviour.
The situation is similar for the nonlocal nonlinearity (see figure 3 which shows results for an exponential nonlocality with τ 2 = 1/s). In general, the gain of the higher-order modes is suppressed by the nonlocality and the maximum amplified frequency is reduced. Considering a frequency close to the cut-off (k = 0.95k max ), the propagation is again periodic. For k = 0.75k max , however, the propagation deviates from the periodic propagation and becomes quasi-periodic. This can clearly be seen from the evolution of the higher-order modes. For even lower spatial frequencies, the propagation evolves from quasi-periodic to non-periodic. These observations let us conclude that the introduction of nonlocality not only leads to a reduced gain of the higher-order modes, but it also tends to reduce the periodicity of the signal propagation. 
Beam propagation for spatial frequencies close to the cut-off
In [14] , the gain of the modulation stability has been calculated for the different nonlinearities we consider in this work. There is only gain for spatial frequencies up to a maximum frequency. For frequencies, close to the maximum, the higher-order components are not amplified and one can make the approximation that only the zeroth and first orders are important along the propagation (only nonzero A 0 , A 1 andA −1 ). Applying this approximation to equation (10) , one can find for m = 0 and m = 1 (with A 1 = A −1 ):
This equation can be used to find the values of A 0 and A 1 for which the beam propagates without changes. This means that the ratio A 1 over A 0 should be constant ∂ ∂z Since the strength of the nonlinearity is included in the factor s, we impose that the total intensity is equal to unity, or A The first solution (A = 0) represents a plane wave, but its propagation cannot be stable because small perturbations of it are amplified due to the modulation instability. For the second solution, the maximum frequency is found by setting A = 0:
Similarly, one can find for the Gaussian nonlocality the requirement for a stable propagation
The maximum amplified frequency is √ 2s for a local nonlinearity and decreases with increasing nonlocality, as has already been shown in previous publications [14] . Equation (14) shows that the ratio A 1 /A 0 for unvarying propagation is zero for k max and it increases when the frequency decreases (see figure 4) . However, the model which includes only the zeroth and first orders is only valid for spatial frequencies close to k max . For lower k values, higher-order modes come into play, which means that the simplified model is not valid anymore. Therefore, in figure 4 the curve for frequencies close to k max is drawn as a solid line, while the rest is denoted by a dashed-dotted line. The positions of the stable points are also shown in figure 2. It is clearly visible that the beam evolution circles around these stable points.
Calculation of the stable situation
It is not possible to analytically calculate the stable points for all frequencies. Therefore, we reside to a numerical method to calculate the values of A n for which the beam propagation is stable. In fact, we are looking for the solution of the system of nonlinear equations (10) for which ∂A n /∂z = −iβA n for each value of n. Limiting the number of modes that are incorporated into the numerical calculations to n max , this represents a nonlinear systems of n max +1 equations for n max +2 unknowns, A n and β. Additionally, we also need to implement the normalization relation nmax n=−nmax A 2 n = 1. Figure 5 shows the result of this calculation for a local nonlinearity. The calculation is performed for a sufficiently large number of orders, but only the evolution of the modes for n = 1 to 10 is shown for clarity. As was expected, for large spatial frequencies close to the cut-off frequency, only the first order is significant. With decreasing spatial frequency, more orders become important. For very small frequencies, the numerical method has problems to converge to a solution because of the large number of orders that come into play. Therefore, the calculations are limited to k > 0.02. The graphs show that for k → 0, the ratio A 1 /A 0 converges to 1, instead of 1/ √ 2. The result is similar for a nonlocal nonlinearity, as shown in figure 6 , except for the fact that k max is decreased.
Application to nematic liquid crystals
Soliton propagation in nematic liquid crystal cells has been the subject of numerous publications over the last decade. Several papers discuss the nonlocal response of the liquid crystal in a situation with lateral light propagation, either via simulations [11] or via the experimental measurement of the nonlocal response [12, 13, 15] . From the experimental measurements, it appears that the refractive index of the self-induced waveguide for a narrow beam can be fit with a (pseudo-) Lorentzian response [12, 13] . From the simulations, however, it appears that an exponential fit is also an acceptable model for the response of the liquid crystal. Figure 7 shows the induced refractive index for a narrow beam with a power of a few milliwatts calculated with the model in [11] , together with an exponential response with σ = 15 µm. Simulations show that an exponential is a much better fit than for example a Gaussian response. From this simulation, one can calculate the s factor to be in the order of 0.06. Figure 8 shows results that were obtained in a previous paper on induced modulation instability in nematic liquid crystals [10] . In those experiments, two broad elliptical beams with different amplitude are injected into a liquid crystal cell. Due to the angle between the two beams, the field at the entrance of the cell is approximately a plane wave with a sinusoidal modulation. Figure 8 shows the position along the propagation distance at which the different filaments in the intensity obtain a maximum focusing (the point at which the first-order Fourier component of the intensity evolution reaches a maximum). two results, which is due to the simplified assumption related to the nonlocal response, considered in our model.
Conclusions
A theoretical model is presented for induced modulation instability and recurrence in nonlocal nonlinear Kerr materials. The model incorporates an exponential or Gaussian nonlocal response. Simulations with this model show a pseudorecurrence for frequencies close to cut-off. For lower frequencies, the periodicity disappears, leading to a complex, non-periodical propagation. Increasing the nonlocality tends to reduce the periodicity of the beam propagation, i.e. it favours a complex non-periodical behaviour. The parameters for stable propagation have been calculated analytically for frequencies close to the cut-off, while for general frequencies, a numerical calculation was necessary due to the high number of orders that come into play. Comparison of the proposed model shows agreement with previously reported experiments and simulations in nematic liquid crystals. Considering the complexity of the nonlocal response of a liquid crystal, one can reasonably state that our simplified model is satisfactory and, in this sense, constitutes an efficient tool for the theoretical predetermination of experimental parameters.
Finding the parameters for stable propagation in nonlinear materials is of interest for writing all-optical gratings in liquid crystal cells by using lateral propagation of the beams inside the cells. Writing gratings with transverse recording has been the subject of large-scale research in the last decade for holographic applications. Lateral recording of gratings may find an application in beam steering, similar to [16] where a bright soliton beam was used to manipulate a weak signal beam.
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